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Transitive Novikov Algebras on Four-Dimensional
Nilpotent Lie Algebras

Chengming Bai1,2,4 and Daoji Meng2,3

Novikov algebras were introduced in connection with the Poisson brackets (of hydro-
dynamic type) and Hamiltonian operators in the formal variational calculus. The com-
mutator of a Novikov algebra is a Lie algebra, and the radical of a finite-dimensional
Novikov algebra is transitive. In this paper, we give a classification of transitive Novikov
algebras on four-dimensional nilpotent Lie algebras based on Kim (1986,Journal of
Differential Geometry24, 373–394).

1. INTRODUCTION

One remarkable feature of Hamiltonian operators is their connection with
certain algebraic structures (Balinskii and Novikov, 1985; Dubrovin and Novikov,
1983, 1984; Gel’fand and Diki, 1975, 1976; Gel’fand and Dorfman, 1979; Xu,
1995 a,b). Gel’fand and Diki introduced formal variational calculus and found cer-
tain interesting Poisson structures when they studied Hamiltonian systems related
to certain nonlinear partial differential equations, such as KdV equations (Gel’fand
and Diki, 1975, 1976). Gel’fand and Dorfman (1979) found more connections be-
tween Hamiltonian operators and certain algebraic structures. Dubrovin, Balanskii,
and Novikov studied similar Poisson structures from another point of view
(Balinskii and Novikov, 1985; Dubrovin and Novikov, 1983, 1984). One of the
algebraic structures appearing in Gel’fand and Dorfman (1979) and Balinskii and
Novikov (1985), which is called a “Novikov algebra” by Osborn (Osborn, 1992a,b,
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1994; Xu, 1996, 1997, 2000), was introduced in connection with the Poisson brack-
ets of the hydrodynamic type.

A Novikov algebraA is a vector space over a fieldK with a bilinear product
(x, y)→ xy satisfying

(x1, x2, x3) = (x2, x1, x3) (1.1)

and

(x1x2)x3 = (x1x3)x2, (1.2)

for x1, x2, x3 ∈ A, where

(x1, x2, x3) = (x1x2)x3− x1(x2x3). (1.3)

Novikov algebras are a special class of left-symmetric algebras that only satisfy
Eq. (1.1). Left-symmetric algebras are nonassociative algebras arising from the
study of affine manifolds, affine structures and convex homogeneous cones (Bai
and Meng, 2000; Burde, 1998; Kim, 1986; Vinberg, 1963).

The commutator of a Novikov algebra (or a left-symmetric algebra)A

[x, y] = xy− yx, (1.4)

defines a (subadjacent) Lie algebraG = G(A). Let Lx andRx denote the left and
right multiplication respectively, i.e.,Lx(y) = xy, Rx(y) = yx, ∀x, y ∈ A; then
for a Novikov algebra, the left multiplication operators form a Lie algebra and the
right multiplication operators are commutative.

Zel’manov (1987) gave a fundamental structure theory of a finite-dimensional
Novikov algebra over an algebraically closed field with characteristic 0: A Novikov
algebraA is called right-nilpotent or transitive if everyRx is nipotent. Then by
Eq. (1.2), a finite-dimensional Novikov algebraA contains the (unique) largest
transitive idealN(A) (called the radical ofA), and the quotient algebraA/N(A)
is a direct sum of fields. The transitivity corresponds to the completeness of the
affine manifolds in geometry (Kim, 1986; Vinberg, 1963). It is well-known that
the sub-adjacent Lie algebra of a transitive left-symmetric algebra is solvable
(Kim, 1986).

Therefore, for further understanding and application, it is necessary to
take the study of transitive Novikov algebras as the first step. Obviously, it is
quite difficult to give a detailed structure theory for the transitive Novikov al-
gebras because of the nonassociativity. We have obtained the classification of
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Novikov algebras in dimensions 2 and 3 in Bai and Meng (2001). How-
ever, the method used there is useless for the cases in high dimensions, even in
dimension 4.

On the other hand, for reasons of geometry, the study of transitive left-
symmetric algebras on nilpotent Lie algebras is also to be taken as the first step
(Kim, 1986), which will be used to construct a general theory on all solvable Lie
algebras. Moreover, Kim (1986), using an extension theory, has given a classi-
fication of transitive left-symmetric algebras on four-dimensional nilpotent Lie
algebras over the real-number fieldR.

Hence we give a classification, based on the classification by Kim (1986),
of transitive Novikov algebras on four-dimensional nilpotent Lie algebras in this
paper. We hope that the study of these cases can serve as a guide for further
development. We would like point out that the method in Kim (1986) is less useful
for the study in higher dimensions or for the cases on non-nilpotent Lie algebras.
It is still an open question on the complete classification of transitive Novikov
algebras in dimension≥4.

Let {e1, e2, e3, e4} be a basis. As is well-known, there are three four-
dimensional nilpotent Lie algebras up to isomorphism:

A = 〈e1, e2, e3, e4|[ei , ej ] = 0〉 abelian
H = 〈e1, e2, e3, e4|[e2, e3] = e1, other products are zero〉
T = 〈e1, e2, e3, e4|[e2, e3] = e1, [e3, e4] = e2, other products are zero〉

In the following sections, we give our classifications according to the above
three cases receptively.

2. THE ABELIAN LIE ALGEBRAS (A)

It is easy to show that a transitive Novikov algebra on an abelian Lie algebra
must be a commutative nilpotent associative algebra.

Recall that the (form) characteristic matrix of a Novikov algebra is
defined as

A =


∑n

k=1 ak
11ek · · ·

∑n
k=1 ak

1nek

· · · · · · · · ·∑n
k=1 ak

n1ek · · ·
∑n

k=1 ak
nnek


where{ei } is a basis ofA andei ej =

∑n
k=1 ak

i j ek. By Kim (1986) and using the
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condition Rei Rej = Rej Rei , the classification of transitive Novikov algebras on
(A) can be given as in the following table:

Symbols in Symbols in
Characteristic matrix Kim (1986) Characteristic matrix Kim (1986)

(A1)


0 0 0 0
0 e1 0 0
0 0 e1 0
0 0 0 e1

 (3) (A2)


0 0 0 0
0 e1 0 0
0 0 e1 0
0 0 0 −e1

 (4)

(A3)


0 0 0 0
0 0 0 e1

0 0 e1 0
0 e1 0 e2

 (30)1 (A4)


0 0 0 0
0 0 0 e1

0 0 e1 e2

0 e1 e2 e3

 (41)1,1

(A5)


0 0 0 0
0 0 0 0
0 0 e1 0
0 0 0 e1

 (51)0 (A6)


0 0 0 0
0 0 0 0
0 0 e1 0
0 0 0 −e1

 (52)0

(A7)


0 0 0 0
0 0 0 0
0 0 e1 e2

0 0 e2 −e1

 (53)0 (A8)


0 0 0 0
0 0 0 0
0 0 e1 0
0 0 0 e2

 (54)

(A9)


0 0 0 0
0 0 0 0
0 0 e1 e2

0 0 e2 0

 (57)0 (A10)


0 0 0 0
0 0 0 0
0 0 0 e1

0 0 e1 e3

 (60)1

(A11)


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 e1

 (61) (A12)


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

 (62)

3. THE LIE ALGEBRA (H)

This Lie algebra is isomorphic to a direct sum of a Heisenberg Lie algebra and
the real numberR. From Kim (1986) and by using the conditionRei Rej = Rej Rei ,
we can give the classification of transitive Novikov algebras on (H) in the following
table:
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4. THE LIE ALGEBRA (T)

This Lie algebra is three-step nilpotent, that is, the dimension of its derivation
[ A, A] is 2. From Kim (1986) and by using the conditionRei Rej = Rej Rei , we can
give the classification of transitive Novikov algebras on (T) in the following table:

Symbols in
Characteristic matrix Associativity Kim (1986)

(T1)


0 0 0 0
0 0 e1 e1

0 0 e2 e2

0 −2e1 −e2 −e2

 Nonassociative (18)−1

(T2)


0 0 0 0
0 0 e1 e1

0 0 e2 e2

0 −2e1 e1 − e2 −e2

 Nonassociative (19)−1

(T3)


0 0 0 0
0 0 e1 e1

0 0 e1 + e2 e2

0 −2e1 te1 − e2 −e2

 Nonassociative (20)−1,t

(T4)


0 0 0 0
0 0 0 −e1

0 0 0 e2

0 e1 0 e3

 Nonassociative (35)

(T5)


0 0 0 0
0 0 0 e1

0 0 te1 e2

0 (2t − 1)e1 te2 e3

 t 6= 1 Nonassociative (41)t,t t 6= 1

(T6)


0 0 0 0
0 0 0 0
0 0 0 0
0 e1 e2 e3

 Nonassociative (42)

(T7)


0 0 0 0
0 0 0 0
0 0 0 e1

0 e1 e2 e3

 Nonassociative (43)
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